Sampling with Mirrored Stein Operators

Jiaxin Shi

Microsoft Research New England

Joint work with Chang Liu, Lester Mackey



Sampling from an Unnormalized Distribution

Fig. from Murray (2009)
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MCMC Particle evolution methods

e.g., Stein Variational Gradient Descent
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Find the direction that most quickly decreases the KL divergence to p



Stein Variational Gradient Descent (SVGD)

.o ° p

(Gorham & Mackey, 2015)

Langevin Stein Operator: (Spg9)(0) = g(0) " Viogp(8) +V - g(8)

p
(Liu & Wang, 2016)

gt — arg 1M1 %KL(Qth) X EC]t [SPK(7 9)]
gt €H, gt || <1

-

Optimal direction in the RKHS of kernel K.



Two Regimes of SVGD

4 N\
(Liu & Wang, 2016)

O — Oi+ = > (K(0},0])V1ogp(6d) + Vg - K(61,6)))

g=

e n = 1:reduces to gradient descent on —logp(f) if V- -K(0,0)=0.
e 1, — 00 :weak convergence to p under certain conditions.

(Gorham & Mackey, 2017; Liu 2017; Gorham et al., 2020)



They Break Down for Constrained Targets

SVGD + Projection: Samples end up collecting on the boundary.
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Langevin Stein Operators

(Gorham & Mackey, 2015)

Under suitable boundary conditions, Langevin Stein Operator statisfies

Ey[(Spg)(0)] ) Viogp(8) + V- g(0)]

/V ))dd =0

The last identity holds because of divergence theorem:

/ V- NdO =0« [ p(0)g(d) " 'n(6)dd =0
00

For unconstrained domain, since p vanishes at infinity, this holds
under very mild conditions, such as bounded Lipschitz g.



Langevin Stein Operators

(Gorham & Mackey, 2015)

Under suitable boundary conditions, Langevin Stein Operator statisfies

Ey[(Spg)(0)] ) Viogp(8) + V- g(0)]

/V ))dd =0

The last identity holds because of divergence theorem:

/ V- NdO =0« [ p(0)g(d) " 'n(6)dd =0
00

For unconstrained domain, since p vanishes at infinity, this holds
under very mild conditions, such as bounded Lipschitz g.

Therefore, ¢q: = p is a stationary point of the SVGD dynamics.
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e Standard SVGD updates can push the particles outside of its

support

e Result: Future updates undefined.



Two Problems of SVGD for Constrained Targets

e Standard SVGD updates can push the particles outside of its

support

e Result: Future updates undefined.

e The boundary conditions may fail to hold for g in the RKHS
e This happens when p is non-vanishing or explosive on the boundary
e Result: SVGD need not converge to p since p is not a stationary

point.



This Talk is About

o

Sampling

/

Particle evolution samplers

Optimization

Mirror descent
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Mirror Descent

€t Vf (01;)

MNt+1

Strictly convex v :0 — RU {oo}
(Vi)™ = Vg
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Mirror Descent

€t Vf (01;)

MNt+1

Strictly convex ¥ :0 — RU{oo}

. o (Vi) = V-
Continuous time limit: mirror flow

dny = =V f(0:)dt, 0y = V™ (n)

Equivalent Riemannian gradient flow: df; = —V2y(0,) 'V f(6,)dt
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Mirrored Dynamics

dne = gu(00)dt, ’

Shi, Liu & Mackey. Sampling with Mirrored Stein Operators. 2021
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Mirrored Dynamics A

df; = Vip(0:) " g(0:)dt

d

%KL(qt Ip) = —Eq, [(Mp,pg:)(0)]
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Mirrored Dynamics A

df; = Vip(0:) " g(0:)dt

p Mirrored Stein Operator

%KL(thp) = —Eq, [(Mp,p9:)(0)]

(Mp,u9)(0) = g(8) " V29 (0) "' Viogp(h) + V - (V4 (6) " 9(6))
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A Stein Operator for Constrained Targets

Mirrored Stein Operator*

(Mp,p9)(0) = g(0) " V()™ Viogp(0) + V - (VZ4(0) ' 9(0))
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A Stein Operator for Constrained Targets

Mirrored Stein Operator*

(Mp,p9)(0) = g(0) " V()™ Viogp(0) + V - (VZ4(0) ' 9(0))

*derived from the (infinitesimal) generator of Riemannian Langevin diffusion.
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*derived from the (infinitesimal) generator of Riemannian Langevin diffusion.

4 )

Proposition 1 (informal) M, ,, generates mean-zero functions

d if
HNEETR /a DOIT(O) " n(6)]2d8 = 0

and g € C' is bounded Lipschitz.
\ J
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A Stein Operator for Constrained Targets

Mirrored Stein Operator*

(Mp,p9)(0) = g(0) " V()™ Viogp(0) + V - (VZ4(0) ' 9(0))

*derived from the (infinitesimal) generator of Riemannian Langevin diffusion.

4 )

Proposition 1 (informal) M, ,, generates mean-zero functions

d if
HNEETR /a DOIT(O) " n(6)]2d8 = 0

and g € C' is bounded Lipschitz.
\ J

Intuitively, we expect V()" to cancel the growth of p at the boundary.

Shi, Liu & Mackey. Sampling with Mirrored Stein Operators. 2021
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Example: The Dirichlet Distribution

Daid; 9 s | 0.6, 0.6, 0.6
A

. &

0,

d+1 {Oéj<129j—>0,9_j= p

Oéj—l
p(0) x H 0,
j=1

aj=1:9j—>(),9_j=
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Example: The Dirichlet Distribution

Daid; 9 s | 0.6, 0.6, 0.6
A

e 5 .

d+1 o1 {a3<1 0, —0,0_; = d@ (0) — oo,
) H 0, 1 —0,
j=1 aj=1:0; -0,0_; = ¥ (0) > 0.
d+1
Negative entropy ¢(0) = > _ 6;log6; satisfies the boundary
71=1

condition

/ p(0)|[V24(6) " n(6)]2d0 = 0.
00
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Example: The Dirichlet Distribution

Daid; 9 s | 0.6, 0.6, 0.6
A

o _“ .

— 0,
d+1 a;j <1:0; -0,0_; = (0) — oo,
O( H 0]0[3_1 { J J d
. 1 -0
7=1 ajzlzﬁj—>0,9_j: p ((9)>O
1 V2(9) ! = diag(0) — 667
Negative entropy ¢(0) = > _ 6;log6; satisfies the boundary

71=1

/ p(0)|[V24(6) " n(6)]2d0 = 0.
00

condition
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Mirrored Dynamics A

df; = Vip(0:) " g(0:)dt

p Mirrored Stein Operator

%KL(thp) = —Eq, [(Mp,p9:)(0)]

(Mp,u9)(0) = g(8) " V29 (0) "' Viogp(h) + V - (V4 (6) " 9(6))
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Two Algorithms
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Two Algorithms

Choosing optimal g, in

- the RKHS of a fixed kernel

e Mirrored SVGD: SVGD in the 7 space.
e n=1:GDon —logpy#).
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Two Algorithms

Choosing optimal g, in

- the RKHS of a fixed kernel

e Mirrored SVGD: SVGD in the 7 space.
e n=1:GDon —logpy#).

- the RKHS of an adaptive kernel that incorporates the geometry

e Stein Variational Mirror Descent (SVMD)

e n = 1:Mirror Descent on —log p(6).

Shi, Liu & Mackey. Sampling with Mirrored Stein Operators. 2021

18



Mirrored SVGD (MSVGD)

-

.

Theorem 4 If K(0,0") = k(0,0")I, then the optimal mirrored

updates can alternatively be expressed as

9o o1 (01) = Eq, o [ky (n,m:)V log prr () + Viyky (1,7:)].

transformed density of p

where ky(n,n') = k(Vy*(n), Vi*(n')) in dual space
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Mirrored SVGD (MSVGD)

p
Theorem 4 If K(0,0") = k(0,0")I, then the optimal mirrored

updates can alternatively be expressed as

9o o1 (01) = Eq, o [ky (n,m:)V log prr () + Viyky (1,7:)].

transformed density of p

where ky(n,n') = k(Vy*(n), Vi*(n')) in dual space

.

J

e MSVGD is SVGD in n space with the transformed kernel %.;.

e When only a single particle is used (n = 1), Mirrored SVGD reduces

to gradient ascent on the log transformed density log pr(n).

Shi, Liu & Mackey. Sampling with Mirrored Stein Operators. 2021
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Single Particle MSVGD is Not Mirror Descent

Still want an algorithm that reduces to mirror descent when n = 17
e () space is the space we are primarily interested in.
e Mode in 6§ space need not match mode in 1 space
e Using logp(0) to guide the evolution could work better if p(0) is

better behaved than px(n).
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Single Particle MSVGD is Not Mirror Descent

Still want an algorithm that reduces to mirror descent when n = 1?
e () space is the space we are primarily interested in.
e Mode in 6§ space need not match mode in 1 space
e Using logp(0) to guide the evolution could work better if p(0) is

better behaved than px(n).
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Stein Variational Mirror Descent (SVMD)
Key idea: Construct an adaptive kernel that

@ incorporates the metric induced by v @) evolves with ¢

/Definition (Kernels for SVMD) N
Given a reference kernel k, we write it in Mercer's representation:

Z)\uz Yui (0"),

where u; is an elgenfunctlon satlsfylng

Eq, 0/ [k(6,0")ui(60)] = Aiwi(6).
Kernels for SVMD: K72(6,6') 237 A2, (0)ui(6)

1>1

Ky 1(0,0) 2 Eo, g, [KY2(8,0:) V1 (0,) k28, 0)]

- /
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A Multi-Particle Generalization of Mirror Descent

If n =1 , then one-step of SVMD becomes

Ne+1 = Nt + € (k(0:,0:)V1ogp(0;) + VE(6:,0:)) ,
Orr1 = VU™ (N141)

U
€tlo~q, [MpﬂPK(Hta 9)]

Nt+1

Vy*

Shi, Liu & Mackey. Sampling with Mirrored Stein Operators. 2021



Approximation Quality on the Simplex

Sparse Dirichlet Quadratic
1.5 0.3 Projected SVGD
o SVMD
% MSVGD, &
= 1.0 0.2 MSVGD, k,
&S
Eﬁ Projected SVGD
MSVGD, k
MSVGD, ks
0.0 0.0
0 200 400 0 200 400
Number of particle updates, T Number of particle updates, T

Quality of 50-particle approximations to 20-
dimensional distributions on the simplex.
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Application: Post-Selection Inference

Task: Generate valid confidence intervals (Cls) for parameters

after data-driven model (feature) selection.

e Need to condition on the selection event.
e Target distributions are log-concave and have constrained

support.
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Application: Post-Selection Inference

94 Unadjusted
' Standard
9.9 SVMD
MSVGD
2.0
0.4
0.2
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B ® N oS e o 20 o A
QP Q8T QBT BT QBT IO QB GV BT B O gt

Unadjusted and post-selection Cls for the mutations selected by the
randomized Lasso as candidates for HIV-1 drug resistance.
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Application: Post-Selection Inference

94 Unadjusted  Least-square Cls
' Standard
99 SVMD
MSVGD
2.0
0.4
0.2
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Unadjusted and post-selection Cls for the mutations selected by the
randomized Lasso as candidates for HIV-1 drug resistance.
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Application: Post-Selection Inference

94 Unadjusted  Least-square Cls
' Standard
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Unadjusted and post-selection Cls for the mutations selected by the
randomized Lasso as candidates for HIV-1 drug resistance.
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Application: Post-Selection Inference

A 2D selective density example.
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Actual coverage
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0.92
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Application: Post-Selection Inference

1.00
0.95
&b
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§ .
=
2
Q
<€ 0.85
Standard
MSVGD 0.80
SVMD
1000 1500 2000 2500 3000

Number of sample points, N

Nominal Coverage: 0.9

Standard
MSVGD
SVMD

0.80

0.85 0.90 0.95
Nominal coverage

5000 sample points

Coverage of post-selection Cls.

1.00
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Convergence Results

(D Convergence of mirrored updates as n — 0.

@ Infinite-particle mirrored Stein updates decrease KL with

sufficiently small step size and drive Mirrored Kernel Stein
Discrepancy (MKSD) to 0.

(@ MKSD determines weak convergence under suitable

conditions.

Shi, Liu & Mackey. Sampling with Mirrored Stein Operators. 2021
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Convergence Results

(D Convergence of mirrored updates as n — 0.

Theorem Suppose ¢y = %Z?zl 5'76 satisfying Wl(qg,H, q(‘)’f’H) — (. Define the
n-induced kernel Kvw*,t(’?, n') = K(Vy*), Vy*(#')). If, for some
cy, ¢y > 0:

”V(Kn,t( ) 7;7)V10ng(’7) + V- Kr],t( ) a”))nop < Cl(l + ”7]“2)’
”v(Kn,t(ﬂ/’ ) )Vlong( ) ) +V- Kn,t(’?/a ) ))Hop < C2(1 + ”7]/“2)9

Then W(q,', q.;) — O for each round of ¢

Shi, Liu & Mackey. Sampling with Mirrored Stein Operators. 2021
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Convergence Results

@ Infinite-particle mirrored Stein updates decrease KL with sufficiently

small step size and drive Mirrored Kernel Stein Discrepancy (MKSD) to O.

Theorem Assume k; := sup, [| K0, 0)||,, < oo, and

Ky 1= Zil supy ||Vl-2,d+iKt(9, Dllop < 00, Vlog py is L-Lipschitz, and yis
a-strongly convex. If €, is sufficiently small, then

Lk, 2k,

KL(g3llp) — KL(g;*llp) < — <€t - < >t ) €/ > MKSD (¢:°llp)* -

MSD(q,p,G) £ supgeg Eq[(Mp,49)(0)] and MKSDg(g,p) £ MSD(q, p, Ba,)-

Shi, Liu & Mackey. Sampling with Mirrored Stein Operators. 2021
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From Constrained to Unconstrained Targets

Continuous Time Discretization
Mirror flow: Mirror descent
dn = —V f(6;)dt,
0y = V™ (ne)
Riemannian gradient flow with Natural gradient descent with
metric tensor V2y: metric tensor V?v

db; = =V (6,) 1V f(8,)dt



Stein Variational Natural Gradient (SVNG)

e Replacing VZ9(-) in SVMD with a general metric tensor

e In Bayesian inference p(0) o« 7(0)x(y|@), it is common to choose

FIM: G(0) = Er(yj0)[V log w(y|6)V log w(y|6) ]

Shi, Liu & Mackey. Sampling with Mirrored Stein Operators. 2021



Exploiting Geometry in Bayesian Inference

|
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og predictive probability
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Ot (@)
Ut e~

= —0.56

< SVGD
—0.57 SVNG (Ours)
RSVGD
—0.58
0 500 1000 1500 2000 2500 3000

Number of particle updates, T

Posterior inference for large-scale Bayesian Logistic Regression
581,012 datapoints, d = 54 "



Takeaways

e A new family of particle evolution samplers suitable for
constrained domains and non-Euclidean geometries.

e SVMD is a multi-particle generalization of mirror descent
for constrained sampling problems

e SVNG can exploit the geometry of unconstrained sampling

problems with user-specified metric tensors.

Shi, Liu & Mackey. Sampling with Mirrored Stein Operators. 2021

34



Future Work

e Complexity can be cubic w.r.t. the number of particles.
e Where you need mirror descent before, would it benefit

from using a variant that is aware of uncertainty?

Shi, Liu & Mackey. Sampling with Mirrored Stein Operators. 2021
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Thanks to you and my coauthors
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